Introduction
D-brane techniques [1] provide us with new ways to study the nonperturbative spectrum of string theory. One may use these results to test the web of strong/weak coupling dualities that have been proposed in recent years [2] . Typically, these dualities have their simplest interpretation when the theories are viewed as compactifications of a hypothetical eleven-dimensional theory known as M-theory [3] . D-brane techniques therefore yield much information about the structure of M-theory. In fact, it has been conjectured the full dynamics of M-theory with the 11th dimension decompactified may be described by the large N matrix quantum mechanics of a system of N D-particles of Type IIA string theory [4] . One can carry the same ideas over to the compactification of M-theory on S 1 /Z Z 2 which has been conjectured to describe the strongly-coupled dynamics of the E 8 × E 8 heterotic string [5] , and attempt to describe the dynamics of this system using the large N limit of the matrix quantum mechanics of Type IA D-particles 1 [7] [8] [9] [10] .
In this paper, we will continue our study of this system [9] , elaborating on the spectrum of states and their interactions. Applying a T-duality transformation along the S 1 /Z Z 2 direction, the supersymmetric quantum mechanics is recast into the form of a gauge theory in two dimensions with (0, 8) supersymmetry. The coupling constant of this gauge theory g scales with the length, thus in the infrared this gauge theory is expected to flow to some nontrivial conformal field theory, which we identify as a S N orbifold heterotic sigma-model.
The spectrum of the heterotic string is recovered in this formulation, and the interactions of these states are studied. One may also consider the limit in which g is held fixed and one treats the gauge potential as a slowly varying degree of freedom in a Born-Oppenheimer approximation. The states required by equivalence with M-theory on S 1 /Z Z 2 duly appear in this limit. We conclude with some comments about analogous bound states of D-branes in Type II string theory.
Matrix Field Theory
Our starting point will be the two-dimensional gauge theory describing the light excitations of N coincident D-strings in Type IB. This system is T-dual to the system of 1 In this paper we will use the notation Type IB to refer to the usual Type I string theory, and Type IA to refer to the theory obtained by T-dualizing Type I on S 1 [6] , which has previously been referred to as Type I ′ string theory.
D-particles in Type IA studied in [7] [8] [9] . The relation with E 8 × E 8 heterotic string theory compactified on a circle (the 9 direction) may be seen by the following chain of dualities.
IA D − particle # 2) in units where α ′ = 1, g s is the string coupling for E 8 × E 8 heterotic strings, and the γ i are defined as in [12] . Here the eight scalars X i and their superpartners, the right- gauge symmetry. The necessity of including the χ fields may be seen either from the point of view of spacetime anomaly cancellation in Type I string theory [13, 6] , where a background of 32 ninebranes is required, giving rise to the χ fields as 1-9 open strings, or from the point of view of anomaly cancellation in the two-dimensional gauge theory [14] .
It is natural to conjecture that this theory provides a nonperturbative definition of uncompactified heterotic string theory. However, we know from the work of Polchinski and Witten [15] that Type IB perturbation theory, on which this description is based, will typically break down as the radius of the S 1 is varied due to dilaton and graviton tadpoles not cancelling winding number by winding number. The only way to avoid this breakdown of perturbation theory is to choose a Wilson line for the Spin(32)/Z Z 2 degrees of freedom corresponding to We have expressed the action (2.2) in terms of the string coupling of the heterotic string. This is related to the gauge theory coupling by g s = 1/g and g s scales inversely with the worldsheet length scale. The perturbative heterotic string theory should therefore be recovered in the infrared limit. In this limit the gauge theory should flow to some nontrivial superconformal fixed point. We conjecture this superconformal field theory is the heterotic sigma model with (0, 8) supersymmetry based on the orbifold theory
where the S N acts by permuting the IR 8 , their fermionic partners and gauge fermion degrees of freedom. The Z Z 2 's act by reflecting the different components of the O(N ) vectors. In the free-string limit the space of states will be shown to correspond to the Fock space of second-quantized heterotic strings.
Spectrum of States

Heterotic Strings
The techniques of [16] [17] [18] [19] carry over straightforwardly to the present case. The Hilbert space of the S N orbifold is decomposed into twisted sectors for each of the conjugacy classes This space of states is represented by n copies of the fields x i I (σ) and χ r I (σ) with I = 1, · · · , n and σ ∈ [0, 2π], with the cyclic boundary conditions
where ǫ I = ±1 corresponds to reflection elements of O(N ) and O W is the action of the Wilson line W on the fermions χ which is simply multiplication by −1 for r = 1 · · · 16 and +1 for r = 17, · · · , 32. These fields may be combined into a single set of fields x i (σ) and
] where
and ǫ = ±1. We label the sectors with different boundary conditions on the χ's by P for periodic and A for antiperiodic. Since the first group of 16 χ's can have different boundary conditions to the second group, we need two of these labels for each sector. For n even, we have the P P and AA sectors of the usual heterotic string, while n odd gives the AP and P A sectors. The usual E 8 × E 8 heterotic string has two GSO projections consisting of keeping states invariant under (−1) theory on the other hand has just a single GSO projection consisting of (−1)
This projection is to be identified with a Z Z 2 element of O(N ) which acts as −1 on vectors χ r I . Fundamental heterotic strings are obtained in a large N limit, by considering the twisted sector for some cycle of length n with n/N finite. This corresponds to considering a string carrying a finite longitudinal momentum p + = n/N . Invariance under Z Z n implies that L 0 −L 0 is a multiple of n. The mass of such a state diverges as N → ∞ unless L 0 −L 0 acting on the state vanishes. In this way, the usual level-matching condition of the heterotic string is recovered.
What happened to the second GSO projection of the E 8 × E 8 heterotic string? The theory we have constructed describes E 8 × E 8 heterotic strings compactified on some large S 1 with n quanta of Kaluza-Klein momentum present. This is equivalent via T-duality to an Spin(32)/Z Z 2 heterotic string with winding number n compactified on a small S 1 with the Wilson line W present. The worldsheet fields that emerge from the sigma model are naturally identified with these fields, hence only one GSO projection appears. To take the large N limit it is convenient to T -dualize the sigma model fields, which introduces the second GSO projection, as in the usual E 8 × E 8 theory. We see therefore that the Hilbert space H corresponds to the second-quantized Fock space of free E 8 × E 8 heterotic strings.
Type IA BPS Bound States
When the right-movers of the heterotic strings are in their ground states, the states found above will be BPS saturated and using the 9-11 flip duality (2.1) may be reinterpreted as BPS bound states of Type IA D-particles (and tensor products of such states).
The states we will be interested in here break half of the spacetime supersymmetry and correspond to bound states at threshold of Type IA D-particles. The infrared limit of the gauge theory amounts to considering the Born-Oppenheimer approximation in the supersymmetric quantum mechanics of D-particles on the branch of the moduli space when they are stuck to one of the orientifold planes. The above results for the BPS heterotic string states found above carry over immediately to this case. The BPS bound states of N D-particles are to be identified with the massless states in the Z Z N twisted sector. For N even one finds the adjoint of SO(16) × SO (16) 
One may also consider the branch when the D-particles move off of the orientifold plane. On this branch of the moduli space the scalar A coming from the gauge field up in two dimensions is treated as a slow variable in the Born-Oppenheimer approximation. For the moment, let us focus on the case of two D-particles considered in [9] . There are two distinct limits to be considered. When l 11 ≪ A ≪ l s , where l s is the string length, the relevant quantum mechanics is obtained by dimensionally reducing the N = 2 system in two dimensions. Different boundary conditions for the χ fields in two dimensions give rise to different sectors of the SUSY quantum mechanics with different Hamiltonia. In the sector where all the χ fields satisfy antiperiodic boundary conditions the states found [9] included the adjoint of SO(16) × SO(16) in the
and a gauge singlet in the
The quantum numbers of these states match the massless states coming from the AA sector of the CFT discussed above. This is a necessary condition for the exact wavefunctions to smoothly match as one moves from one branch of the moduli space to the other. The oneloop corrections to the effective kinetic term for A [7] are of the form g IAȦ 2 /A 3 , indicating that corrections to this approximation set in at the eleven-dimensional Planck scale l 11 . For l 11 ≪ A ≪ l s the wavefunction of these states should vary as c 1 A + c 2 where c 1 and c 2 are constants, which can in principle be determined by matching onto the behavior as A → l 11
and as A → l s . We know these states should spread onto the branch of moduli space at A = 0, so we expect c 2 to be nonzero. In the limit A ≫ l s , the dominant interaction is closed string exchange, and we expect the Hamiltonian to flow to that describing a Type IIA D-particle, interacting with its mirror image [7] . The χ modes will become massive, and completely decouple from this Hamiltonian. The zero energy states will correspond to a singlet of the gauge group in the (8 v + 8 s ) × (8 v + 8 c ) of Spin(8) which are the quantum numbers of the ground state of a single Type IIA D-particle. This state does not match onto the charged states found for A ≪ l s , so the wavefunction of (3.4) should vanish when A ≫ l s . In this way, we see the states (3.4) are localized near the orientifold plane.
In the sector when all the χ fields satisfy periodic boundary conditions one finds all states become massive, and this sector decouples from the low-energy description of the D-particles. When half of the χ's satisfy periodic boundary conditions, and half are antiperiodic, a similar calculation to the one in [9] shows the normal-ordering terms appearing in the term in the Hamiltonian linear in A vanish. In particular, the χ fields become massive and may be integrated out leaving states that are singlets under SO (16) The quantum numbers of these match the N odd states on the other branch discussed above. The U (1) component of the gauge multiplet will behave in the same way as the N = 2 case above, and the wavefunctions of these states will be localized near the orientifold planes.
Heterotic String Interactions
The two-dimensional gauge theory (2.2) in the infrared limit gives rise to the Fock space of free heterotic strings. Interaction terms should correspond to irrelevant perturbations of the orbifold sigma model. Dijkgraaf, Verlinde, Verlinde [17] considered such terms in the Type II case, and much of their argumentation applies here. The idea is that the interactions correspond to transpositions of the x I eigenvalues when they coincide. In the heterotic case one must also match the gauge fermion degrees of freedom, and transpose these at the same time. This will give rise to splitting and joining interactions of the long strings discussed above.
For the right-moving sector, the construction of the interaction vertex precisely mimics that of [17] . We consider two eigenvalues x 1 and x 2 which are interchanged under a Z Z 2 twist. In terms of the linear combinations x ± = x 1 ± x 2 , the Z Z 2 flips the sign of x − (and likewise for the right-moving fermionic modes θ). This Z Z 2 orbifold is well-known, and the twist operators are defined by the operator product relations
One can then show [17] that the operator
is the unique, least irrelevant perturbation that preserves Spin(8) spacetime rotations and spacetime supersymmetry. This operator has conformal weight (0, − has two fixed points, so we have two twist operatorsσ ± for each x M . We now wish to construct the least irrelevant perturbation to the CFT preserving Spin(8) rotations, spacetime supersymmetry, and gauge invariance. We also demand that the perturbation be invariant under z → e iθ z, which means the conformal weight of the left-moving piece should be ( 
where s M = ± and the sum is over all permutations of the s M . The final interaction term that appears in the sigma model is then
where I, J = 1, · · · , N . The coupling λ will scale inversely with the worldsheet length scale, therefore λ will scale linearly with g s . The interaction corrections contained in the supersymmetric gauge theory (2.2) therefore reproduce heterotic string interactions to first order in g s .
Comments on Type II Bound States
Bound states of N D-particles
We saw in the above that the quantum mechanics describing Type IA D-particles far from the orientifold plane reduced to that of a collection of Type IIA D-particles. The quantum mechanics of Type IIA D-particles has previously been studied in [20] [21] [22] [23] [24] . For M(atrix) theory to be correct for the case of eleven uncompactified dimensions, these Type IIA D-particles must form bound states at threshold. The prediction is that one new normalizable bound state at threshold of N D-particles appears for every N , and this bound state lies in an ultra-short multiplet of the ten-dimensional Type IIA supergravity.
If such a normalizable bound state appears in uncompactified Type IIA, then it should show up as a normalizable bound state when we further compactify on a torus. We can then recast the problem into a statement about the ground states of d = 2 SU (N ) YangMills theory with (8, 8) supersymmetry (here we have factored out the U (1) describing the center of mass degrees of freedom). That is, there should be one L 2 normalizable zero-energy ground state which appears regardless of the boundary conditions [25] .
We can make a heuristic argument for the existence of such a state as follows. Since the state is normalizable (in fact it should fall off as 1/r 7 up in ten dimensions), it should remain a bound state if we add a perturbation that only effects the large distance behavior of the fields. In fact, if we choose the perturbation judiciously, the bound state at threshold should become a bound state with mass gap. 
behaves in the way described. We may now use a variant of the arguments of [26] . Since the ground state we are interested in now has a mass gap, we can actually treat m as being large, and use semiclassical methods.
The semiclassical vacua correspond to critical points of the superpotential (5.1) which
These equations are just the commutation relations of SU (2). There three are classes of solutions to these equations: (i) trivial solution for which X = Y = Z = 0, (ii) nontrivial reducible embedding of SU (2) into SU (N ), (iii) irreducible embedding of SU (2) into SU (N ). For cases (i) and (ii) part of the gauge symmetry is unbroken and one is left with a two-dimensional gauge theory with (2, 2) supersymmetry. These vacua will not have mass gaps due to massless fermions. Case (iii) however leads to a solution which completely breaks the gauge symmetry. In this case all fields become massive and one is left with a single bosonic ground state. Including the fermion zero modes coming from the center of mass degrees of freedom, one obtains a single bound state of N D-particles with the expected spacetime quantum numbers.
Bound states of N D-particles and M D-eightbranes
Studies of solitonic solutions of Type IIA supergravity do not show any sign of supersymmetric bound states of D-particles and D-eightbranes [27] . We can now understand this from the point of view of the two-dimensional supersymmetric gauge theory describing this system. As in the Type IA case, we have a theory with (0, 8) eightbranes. The condition then is that there is a choice of boundary conditions on the left-moving fundamental fermions which gives zero contribution to the vacuum energy.
